We consider the dispersion interaction between two ground-state hydrogen atoms, interacting with the quantum electromagnetic field in the vacuum state, in the presence of an external static electric field, both in the nonretarded and in the retarded Casimir-Polder regime. We show that the presence of the external field strongly modifies the dispersion interaction between the atoms, changing its space dependence. Moreover, we find that, for specific geometrical configurations of the two atoms with respect to the external field and/or the relative orientation of the fields acting on the two atoms, it is possible to change the character of the dispersion force, turning it from attractive to repulsive, and even make it vanishing. This new findings clearly show the possibility to control and tailor interatomic dispersion interactions through external actions. By a numerical estimate of the field-modified interaction, we show that at typical interatomic distances this can be obtained for reasonable values of the external fields, currently achieved in the laboratory.
Introduction.
Radiation-mediated interactions between atoms, such as Casimir-Polder and van der Waals forces, or resonance dipole-dipole interactions, are longrange interactions between atoms, molecules or macroscopic bodies in vacuo, related to the zero-point fluctuations of the quantum electromagnetic field [1] [2] [3] [4] [5] [6] [7] [8] [9] . These ubiquitous interactions have great relevance in many areas of physics, and applications in biology [10, 11] , chemistry [12] and nanotechnologies [13] [14] [15] . A striking property of these interactions is that they can be controlled and tailored through the external environment, for example a cavity or a wall [16] [17] [18] [19] [20] , a waveguide [21] [22] [23] [24] [25] , or a photonic crystal [26, 27] . Of special interest is to investigate the possibility of making Casimir interactions repulsive, in particular for applications in nanotechnological devices, where a repulsive Casimir interaction could help to prevent stiction [28] .
In recent years, the possibility of manipulating van der Waals interactions through external optical fields has been investigated, specifically modifications of the dispersion interaction due to an applied optical field [29] [30] [31] . Modifications of the atom-surface Casimir-Polder force have been recently considered too. In [32] , for example, the atom-surface Casimir-Polder interaction, modified by a classical or quantum radiation field, has been studied, showing that a near-resonant electromagnetic field can enhance its intensity. Also, it has been shown that the Casimir-Polder interaction between a ground-state atom and a non-dispersive surface, in the presence of an external quantum field, has features similar to the CasimirPolder potential with excited atoms [33] , leading to the possibility of a repulsive Casimir-Polder force [34] ; also, by inducing an atomic rotating dipole by polarized light, possibility of a lateral or repulsive Casimir-Polder force has been predicted [35] . The effect of a static electric field on the dipole-dipole and nonretarded van der Waals interactions in ultracold Rydberg gases has been recently studied [36] .
In this Letter we consider a different situation, that is the dispersion interaction between two ground-state hydrogen atoms (in the nonretarded and in the retarded Casimir-Polder regime), in the free space and at zero temperature, subjected to an external static electric field. Due to the presence of this field, the atoms acquire spatially correlated dipole moments; we find that this strongly affects the atom-atom dispersion interaction, even for a reasonable intensity of the external field, modifying its distance dependence. In geometrical configurations we consider in detail, we show that the distance dependence of the dispersion interaction between the atoms changes, decreasing slower with the distance (as r −3 and r −4 in the near and far zone respectively, compared to the r −6 and r −7 for unperturbed atoms). Also, we find that it is possible to modify and tailor its magnitude and its attractive/repulsive character through the external field, or even making it vanishing, exploiting fields of a strength that can be obtained in current experimental setups. This can be relevant for applications. A clear physical interpretation of these findings is discussed, as well a numerical estimate of the effect and its observability. These findings can be relevant also for a direct measurement of dispersion interactions between atoms [37, 38] , as well as for macroscopic properties of gases of neutral nonpolar molecules.
The field-modified dispersion interaction. We consider two hydrogen atoms, A and B, interacting with the transverse quantum electromagnetic field in the vacuum state, subjected to the external static and uniform (over the atomic dimensions) classical electric fields E and E , respectively. We assume that atom A is placed at r = 0, and r is the distance between the two atoms. The unperturbed ground state of the system is | φ This state is corrected by both the external electric field and the quantum transverse radiation field.
The Hamiltonian of our system is
where are, respectively, the interaction Hamiltonian of atom A(B) with the external field and the radiation field. In the multipolar coupling scheme and within the dipole approximation, they are given by
where µ A(B) is the dipole moment operator of atom A(B), and
is the transverse displacement field operator [2, 4] . In Eq. (4), V is the quantization volume, 0 is the dielectric constant of the vacuum,ê kλ are real polarization unit vectors (λ = 1, 2), and a kλ , a † kλ are annihilation and creation operators satisfying usual bosonic commutation rules.
In the absence of the external field, the dispersion interaction between the two atoms is a fourth-order effect in the coupling with the radiation field [1] [2] [3] [4] : vacuum fluctuations induce and correlate dipole moments in the atoms (this accounts of two orders in the atom-field coupling), and, afterwards, the correlated dipoles yield an interaction energy (two more orders in the coupling constant) [4, 39] . This is equivalent to the exchange of a pair of virtual photons. In the present case, for the component of the dispersion interaction related to the external field: i) the external fields acting on the atoms polarize and correlate them, which acquire a permanent dipole moment (first order in the coupling with the external field, for each atom); ii) these dipole moments interact through the transverse field (exchange of one virtual photon, thus a second-order process in the coupling with the transverse field). Although the complete interaction energy is proportional to the fourth power of the electron charge q, a factor q 2 is related to the interaction with the external fields, and proportional to their intensity, and another factor q 2 is related to the interaction with the transverse field. The interatomic potential involves the exchange of just one virtual photon, similarly to the atom-wall Casimir-Polder interaction [40] or the resonance interaction between identical entangled atoms [2, 26] .
We first obtain the ground state corrected up to second order in the external field; then, in order to obtain the interatomic dispersion interaction, we evaluate the distance-dependent part of the energy shift due to the interaction with the transverse field, that starts from the second order in the coupling with the radiation field. For simplicity, we assume that E and E are along the z axis (positive or negative), and we include only the contribution from atomic intermediate states with principal quantum number n = 2 (inclusion of atomic states with higher n does not change the qualitative features of our results). The second-order ground state, in the presence of the static fields, is
where E 1 is the unperturbed energy of the ground state of the hydrogen atom, and a 0 the Bohr's radius. The second-order correction to the energy of the state (5) due to the interaction with the quantum radiation field given by (3), is
where E ψ is the energy of the state (5) (including the Stark shift), and | I are eigenstates of H 0 + V A + V B with energy E I , that are obtained by perturbation theory for degenerate states (the n = 2 level has a fourfold degeneracy).
We need to evaluate only the part of the shift (6) that depends on the distance between the atoms (selfenergies do not contribute to the interaction energy), and thus only terms containing both H A I and H B I are relevant. States | I are eigenstates of H 0 + V A + V B , and we are considering only (degenerate) excited states with n = 2, with unperturbed energy E 2 = E 1 /4. Using degenerate-state perturbation theory to obtain the appropriate intermediate states in (6) and their energies, and taking only lowest-order terms in the electron charge yielding a distance-dependent energy shift, we find that the only relevant intermediate states are in the form | φ A 210 , φ B 210 , 1 kλ , where | 1 kλ represents a one-photon state with wavevector k and polarization λ. After some algebra, for the distance-dependent energy shift depending also from the external fields, we obtain ∆E(r) = − 2 20 q 2 a 2 0
where
is twice the wavenumber associated to the transition between the ground and the first excited atomic level. µ eg A(B) are matrix elements of the dipole moment operator between states | e =| φ 210 and | g =| φ 100 ; they are oriented along z, i.e. the direction of the static fields.
After polarization sum,
3 dkk 2 dΩ, and straightforward algebraic calculations involving angular and frequency integrations, Eq. (7) gives
where the Einstein's convention of repeated indices has been used, the differential operators act on the variable r, and we introduce the auxiliary functions
with Si(x) and Ci(x) the sine and cosine integral functions [41] . The expression (8) gives the field-assisted dispersion interaction between the two atoms, for a generic geometrical configuration of the atoms with respect to the external fields. It is a second-order quantity in the coupling with the radiation field, involving one virtual photon exchange; however, it contains also a second-order coupling with the external fields, and thus it is an overall fourthorder quantity in the electron charge q. It is also proportional to the external fields E and E , allowing an external control of its intensity and sign. The contribution (8) to the dispersion interaction adds up, of course, to the usual (unperturbed) van der Waals/Casimir-Polder interaction energy for ground-state atoms or molecules (∆E vdW (r), given by our successive Eq. (16)).
We now focus on two specific and relevant geometrical configurations of the atoms: atoms aligned in a direction perpendicular or parallel to the direction of the external field. For convenience, we define the constant
where µ eg = φ 210 | qr | φ 100 = 2 15/2 3 −5 qa 0ẑ ,
, and the expression of k 0 has been given above.
For atoms aligned perpendicularly to the direction of the external field, Eq. (8) yields
Using the asymptotic approximations of the auxiliary functions f (x) and g(x) [41] , the expression above can be conveniently approximated in the near (k 0 r 1) and far (k 0 r 1) zone, yielding
Similarly, for atoms aligned in the same direction of the external fields, we obtain
and the near-and far-zone approximations yield
Both equations (13) and (15) show that the fieldassisted component of the dispersion interaction decreases as r −3 in the near zone, and as r −4 in the far zone. This should be compared with the unperturbed van der Waals/Casimir-Polder dispersion interaction energy decreasing as r −6 in the near zone and as r −7 in the far zone, and given by [2, 6, 40, 42] ∆E vdW (r)
whereĒ is an average excitation energy of the atoms, and α their static polarizability. When the external field is present, the complete interaction energy is ∆E vdW (r) + ∆E ⊥( ) (r). The field-dependent component of the dispersion interaction thus decreases with the distance quite slower than the unperturbed van der Waals interaction; indeed, its dependence is the same of the attractive Casimir-Polder dispersion interaction between a ground state atom and a reflecting wall (r −3 in the near zone, and r −4 in the far zone). Its sign, determining its attractive or repulsive character, can be however different, depending on the geometric configuration and the relative orientation of the electric field acting on the two atoms. Figure 1 shows, for the case E = E , the two specific configurations considered, perpendicular and parallel. The (red) arrows on the atoms indicate the direction of the induced dipole moments. Our results (12), (13) , (14) and (15) show that, when E and E are parallel, the change due to the external field is positive (thus yielding a repulsive contribution) in the perpendicular configuration, while it is negative (yielding an attractive contribution) in the parallel configuration. This can be understood with a sharp physical picture in terms of the interaction between the induced atomic dipole moments: in the perpendicular case (panel (a) of Figure 1) , the dipole-dipole interaction yields a repulsive force (the interaction energy of one induced dipole in the field generated by the other induced dipole is positive), while in the parallel case (panel (b) of Figure 1 ) it yields an attractive force (the interaction energy is negative). The situation is reversed if the electric fields acting on the two atoms have opposite directions, of course (E and E have an opposite sign in this case, and the dipoles induced in the two atoms point in opposite direction). On the other hand, the unperturbed van der Waals/Casimir-Polder interaction (16) between two ground-state atoms is always attractive. Thus our findings show that, exploiting an external static electric field on the atoms, we can modify their dispersion interaction, and even turn it from attractive to repulsive for sufficiently intense external electric fields. We wish to stress that a similar physical picture holds for the atom-surface Casimir-Polder interaction between a ground-state atom and a perfectly reflecting plate, in terms of the interaction of the instantaneous atomic dipole with its image, reflected by the plate. In fact, the instantaneous dipole moments of atom and image atom are correlated: the components parallel to the surface point in opposite directions, while the perpendicular component points to the same direction. For an isotropic atom, this eventually yields the attractive atom-plate Casimir-Polder potential, due to exchange of one virtual photon, behaving as r −3 in the near zone and as r −4 in the far zone [43, 44] . Also the resonance interaction between two entangled atoms, one excited and the other in the ground state [4, 26] , has some analogy with the present case, because the atomic dipole moments in the unperturbed state are correlated, and the interaction energy is due to the exchange of just one photon. However, the resonance interaction has a different scaling with the distance, due to the possibility of exchange of a real (resonant) photon.
We now compare numerically the field-dependent contribution we have obtained with the dispersion interaction for unperturbed atoms, when they are placed at a typical distance from each other. We take r = 10 −6 m. Being k 0 1.03 · 10 8 m −1 , we have k 0 r 1 (far zone). From the second row of (13) and (15), we then obtain
These numerical values should be compared with the dispersion interaction between two unperturbed groundstate hydrogen atoms (16) . Using the same interatomic distance, r = 10 −6 m, we have
(for consistency, in the evaluation of (18), we have included only contributions involving the n = 2 states of the hydrogen atom). A direct comparison of (17) with (18) shows that, at the distance considered, | ∆E ⊥ | and | ∆E | become comparable with | ∆E vdW | for a field strength of the order of E = E 10 5 V/m. Such an intensity is well within the reach of static fields currently obtained in the laboratory [45] [46] [47] , and within, by several orders of magnitude, the strength limit imposed by our perturbative treatment of the external field (Stark energy shifts much smaller than the atomic transition energy). At larger interatomic distances, and with the same strength of the electric field, the field-modified interaction can exceed the unperturbed interaction energy by several orders of magnitude. All this indicates a realistic possibility to observe the new effects we have obtained. At shorter distances, our results (12), (13) , (14), (15) show that higher field intensities are required in order to make the fieldmediated contribution comparable with the unperturbed one: of the order of 10 6 V/m for r ∼ 100 nm (far zone), and of the order of 10 8 V/m for r ∼ 10 nm (near zone). We just mention that, in the configurations yielding a repulsive field-assisted component of the dispersion force, and at specific distances between the atoms, the external fields can be appropriately calibrated to make the total dispersion interatomic force vanishing (even if this equilibrium interatomic distance turns out to be an unstable point). This could have also relevance in applications where Casimir forces are important, for example to contrast stiction in microelectromechanical systems.
Conclusions. In this Letter we have considered the dispersion interaction (van der Waals and Casimir-Polder) between two ground-state hydrogen atoms subjected to an external static electric field, and shown that the external field can be exploited to strongly modify the intensity, distance dependence, and character (attractive or repulsive) of the dispersion force. We have estimated, at typical distances and for reasonable field intensities, the value of the field-modified component of the force in relevant geometries, and compared it with the van der Waals/Casimir-Polder force for unperturbed atoms. Our new findings show that, with a strength of the external field currently attainable in the laboratory, the force can be strikingly tailored exploiting the external field, with possibility of obtaining a significant increase, or reversing it from attractive to repulsive. Significative enhancements of the force could be of striking importance for a direct detection of such interactions, in particular in the retarded Casimir-Polder regime. As shown by Eqs. (13) and (15) , the repulsion can be achieved, with appropriate field strengths, when the electric fields are parallel to each other and the atoms are aligned in a direction perpendicular to the external field, or when the external electric fields are antiparallel to each other and the atoms are aligned parallel to the external fields.
